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ON THE CANONICAL DEGREES OF GORENSTEIN
THREEFOLDS OF GENERAL TYPE
RONG DU† AND YUN GAO††
Abstract. Let X be a Gorenstein minimal projective 3-fold with
at worst locally factorial terminal singularities. Suppose that the
canonical map is generically finite onto its image. C. Hacon showed
that the canonical degree is universally bounded by 576. We im-
proved Hacon’s universal bound to 360. Moreover, we gave all the
possible canonical degrees of X if X is an abelian cover over P3
and constructed all the examples with these canonical degrees.
1. Introduction
The study of the canonical maps of projective varieties of general
type is one of the central problems in algebraic geometry. For the
case of surfaces, Persson ([Per]) constructed a surface of general type
with canonical degree 16 in 1978. About the same time, Beauville
([Bea]) proved that the degree of the canonical map is less than or
equal to 36 and with the equality holds if and only if X is a ball
quotient surface with K2X = 36, pg = 3, q = 0, and |KX | is base
point free. Later, Xiao also found some restrictions on surfaces with
high canonical degrees ([Xiao]). Since the canonical degree is bounded
above, next interesting question is to determine which positive integers
d’s occur as the degrees of the canonical map. There are plenty of
examples (see [Bea], [Cat1], [V-Z] ) with canonical degrees being 2.
For d = 3 and d = 5, Tan ([Tan]) and Pardini ([Par1]) constructed
several surfaces independently. When pg(Σ) = 0, Beauville ([Bea])
constructed surfaces with χ(OX) arbitrarily large and the canonical
degrees 2, 4, 6 and 8 . For d = 9, Tan also constructed a surface in
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[Tan]. Later, Casnati ([Cas])constructed surfaces of canonical degree
from 3 to 9 as subvarieties in some projective bundle given by Pfaffans
of alternating matrices. The authors ([D-G]) classified the surfaces
whose canonical maps are abelian covers over P2 and constructed these
surfaces by explicit defining equations. Recently, Rito in his series
papers ([Rit],[Rit2],[Rit3]) constructed some new surfaces of general
type with canonical degrees 12, 16 and 24 respectively.
In dimension at least three, the situation seems much less clear. M.
Chen studied the canonical map of fiber type ([Ch],[C-H]) and posted
an open problem in [Ch] as follows: Let X be a Gorenstein minimal
projective 3-fold with at worst locally factorial terminal singularities.
Suppose that the canonical map is generically finite onto its image. Is
the generic degree of the canonical map universally upper bounded?
Hacon gave a positive answer to Chen’s problem. More precisely, he
showed that the canonical degree is at most 576.
In this paper, we improve Hacon’s upper bound by showing the fol-
lowing main theorem.
Theorem 1.1. Let X be a Gorenstein minimal complex projective 3-
fold of general type with locally factorial terminal singularities. Suppose
that |KX | defines a generically finite map φX : X 99K Ppg−1, then
deg φX ≤ 360 and with the equality holds if and only if pg(X) = 4,
q(X) = 2, χ(ωX) = 5, K
3 = 360 and |KX | is base point free.
Since the canonical degree is bounded above, it is quite interesting
to consider a parallel problem as surfaces that which positive integers
d’s occur as the degrees of the canonical map of Gorenstein minimal
projective 3-fold. As far as we know, there are quite few examples
about 3-fold of general type with higher canonical degree. Cai ([Cai])
constructed some examples of 3-fold with canonical degrees 32 and 64
based on the existence of the surface with canonical degree 16 which
was constructed by Persson. We show that if the canonical map is
an abelian cover over P3 then the only possible canonical degrees of a
Gorenstein minimal projective 3-fold are 2m (1 6 m 6 5), by explicit
constructions.
2. Proof of the main theorem
Let X be a Gorenstein minimal complex projective 3-fold of general
type with locally factorial terminal singularities. Suppose that |KX |
defines a generically finite map φX : X 99K Ppg−1. We will base on
Hacon’s beautiful arguments to improve the universal upper bound of
the canonical degree.
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Proof. Since φX is generically finite, one has that pg(X) ≥ 4. Let
d = deg φX . By the Miyaoka-Yau inequality ([Mi]), we have
d(pg(X)− 3) ≤ K3X ≤ 72χ(ωX).
If we can show χ(ωX) ≤ pg(X) + 1, then
d ≤ 72 χ(ωX)
pg(X)− 3 ≤ 72
pg(X) + 1
pg(X)− 3 = 72(1 +
4
pg(X)− 3) ≤ 360. (2.1)
If q(X) ≤ 2, then χ(ωX) ≤ pg(X) + q(X)− 1 ≤ pg(X) + 1.
Now we can assume hereafter that q(X) ≥ 3. Consider the Albanese
map albX of X and the Stein factorization f of albX as follows:
X
f
//
albX ##●
●
●
●
●
●
●
●
●
Y

Alb(X)
.
By Hacon’s argument (see the proof of [Ha], Theorem 1.1), one has
(1) χ(ωX) ≤ pg(X), if dimY ≥ 2;
(2) χ(ωX) ≤ pg(X) + χ(ωY ) and χ(ωY )pg(F ) ≤ pg(X), where F is
the general fiber of f , if dimY = 1.
Hence if dimY ≥ 2, by (2.1), the statement holds. More precisely,
d ≤ 72 pg(X)
pg(X)− 3 ≤ 288.
We only need to consider dimY = 1.
If pg(F ) ≤ dimX − 1, then
h0(OX(KX)⊗OF ) ≤ h0(OX(KX+F )⊗OF ) = h0(OF (KF )) ≤ dimX−1,
which means that dim Im(φX |F ) ≤ dim X−2, and hence dim ImφX ≤
dim X − 1, which contradicts the assumption that φX is generically fi-
nite. So we have that pg(F ) ≥ dimX = 3 and then pg(X) ≥ χ(ωY )pg(F ) =
(q(X)− 1)pg(F ) ≥ 6.
Therefore
d ≤ 72 χ(ωX)
pg(X)− 3 ≤ 72
pg(X) + χ(ωY )
pg(X)− 3 ≤ 72(1+
1
pg(F )
)
pg(X)
pg(X)− 3 ≤ 192.
From the argument above, we know that the equality of (2.1) holds
if and only if pg(X) = 4, q(X) = 2, χ(ωX) = 5, K
3
X = 360 and |KX | is
base point free. 
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Remark 2.1. If X is nonsingular and the canonical divisor KX is am-
ple then the equality in the main theorem holds if and only if X is a
ball quotient. We guess that such a ball quotient with those invariants
exists. For the parallel case of surfaces with the maximal canonical
degree, the surface of general type with canonical degree 36 does ex-
ist which was constructed as some fake projective plane by S. Yeung
recently ([Yeung]).
3. Canonical maps defined by abelain covers
The theory of cyclic covers of algebraic surfaces was studied first
by Comessatti in [Com]. Then F. Catanese ([Cat2]) studied smooth
abelian covers in the case (Z2)⊕2 and R. Pardini ([Par2]) analyzed the
general case. In this section, we shall recall some basic definitions
and results for abelian covers and construct minimal 3-folds of general
type whose canonical maps are abelian covers over P3. Since our point
of view is to find the defining equations, we use the second author’s
expressions and notations appearing in [Gao].
Let ϕ : X → Y is an abelian cover associated to abelian group
G ∼= Zn1 ⊕ · · · ⊕ Znk , i.e., function field C(X) of X is an abelian
extension of the rational function field C(Y ) with Galois group G.
Without lose of generality, we can assume n1|n2 · · · |nk.
Definition 3.1. The dates of abelian cover over Y with group G are
k effective divisors D1, · · · , Dk and k linear equivalent relations
D1 ∼ n1L1, · · · , Dk ∼ nkLk.
Let Li = OY (Li) and fi be the defining equation of Di, i.e., Di =
div(fi), where fi ∈ H0(Y,L nii ). Denote V(Li) = SpecS(Li) to be the
line bundle corresponding to Li, where S(Li) is the sheaf of symmetric
OY algebra. Let zi be the fiber coordinate of V(Li). Then the abelian
cover can be realized by the normalizing of surface V defined by the
system of equations
zn1
1
= f1, · · · , znkk = fk.
So we have the following diagram:
X
normalization
✲ V ⊂ ✲ ⊕ki=1V(Li)
Y.
p
❄
✲
ϕ
✲
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Sometimes we call X is defined by these equations if there is no confu-
sions in the context.
We summerize our main results as follows.
Theorem 3.2. (See [Gao]) Denote by [Z] the integral part of a Q-
divisor Z, −Lg = −
k∑
i=1
giLi +
[
k∑
i=1
gi
ni
Di
]
.Then
ϕ∗OX =
⊕
g∈G
OY (−Lg). (3.1)
where g = (g1, · · · , gk) ∈ G.
So the decomposition of ϕ∗OX is totally determined by the abelian
cover.
Corollary 3.3. If X is non-singular, D is the divisor on Y , then
hi(X,ϕ∗OY (D)) =
∑
g∈G
hi(Y,OY (D − Lg))
If the canonical map of X is an abelian cover over P3 then we have
the explicit decomposition of ϕ∗OX .
Lemma 3.4. If ϕ = φX is a finite abelian cover of degree d over P3,
then ϕ∗OX = OP3 ⊕OP3(−2)⊕d/2−1 ⊕OP3(−3)⊕d/2−1 ⊕OP3(−5).
Proof. Because ϕ is a finite abelian cover, ϕ∗OX is a direct sum of the
line bundles by Theorem 3.2.
ϕ∗OX = OP3 ⊕
d−1⊕
i=1
OP3(−li).
Assume 0 < ld−1 6 ld−2 6 · · · 6 l1.
Since KX = ϕ
∗(OP3(1)), for any m > 1,
Pm(X) = h
0(mKX) = h
0(ϕ∗(OP3(m))) = h0(OP3(m))+
d−1∑
i=1
h0(OP3(m−li)).
Because pg(X) = h
0(ϕ∗(OP3(H))) = h0(OP3(1)) = 4, we see that
h0(OP3(1− li)) = 0, 1 ≤ i ≤ d− 1.
So li > 2.
And pg = h
3(ϕ∗OX) = h3(OP3) +
∑d−1
i=1 h
3(OP3(−li)),
So 4 =
∑d−1
i=1 h
0(OP3(li − 4)), then li 6 5.
Therefore, we have two cases as follows:
(1) l1 = 5, l2, · · · , ld−1 < 4, and
(2) l1 = l2 = l3 = l4 = 4, l5, · · · , ld−1 < 4.
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Let m = 2, we have the second plurigenus of X P2(X) = χ(2KX) =
1
2
K3X +
1
6
KXc2 + χ(OX) = d2 + 3χ(KX) = d2 + 9. On the other hand,
P2(X) = h
0(OP3(2)) +
∑d−1
i=1 h
0
(OP3(2− li)). So
d−1∑
i=1
h0(OP3(2− li)) = d
2
− 1,
then there are exact (d
2
− 1) 2’s among li’s.
Let m = 3, we have the third plurigenus of X P3(X) = χ(3KX) =
5
2
K3X +
1
4
KXc2 +χ(OX) = 5d2 +5χ(KX) = 5d2 +15. On the other hand,
P3(X) = h
0(OP3(3)) +
∑d−1
i=1 h
0
(OP3(3− li)). So
d−1∑
i=1
h0(OP3(3− li)) = 5d
2
− 5,
The second case does not satisfy the equation. So the lemma is proved.

Now let ϕ : X → P3 be an abelian cover associated to an abelian
group G ∼= Zn1 ⊕ · · · ⊕ Znk . Then X is the normalization of the 3-fold
defined by
zn1
1
= f1 =
∏
α
pα1α , · · · , znkk = fk =
∏
α
pαkα ,
where pα’s are coprime and α = (α1, · · · , αk) ∈ G. Denote xα to be
the degree of pα, ei = (0, · · · , 0, 1, 0, · · · , 0) ∈ G, 1 ≤ i ≤ k, and lg be
the degree of Lg, g ∈ G. So xα and lg are all integers. Then
nilei =
∑
α
αixα i = 1, · · ·k, (3.2)
lg =
k∑
i=1
gilei −
∑
α
[
k∑
i=1
giαi
ni
]
xα. (3.3)
Lemma 3.5. Using the notation as above, if ϕ = φX , then there exists
g′ = (g′
1
, · · · , g′k) ∈ G ∼= Zn1 ⊕ · · · ⊕ Znk and a partition of G set-
theoradically, G = {0} ∪ {g′} ∪ S1 ∪ S2, where the cardinalities of S1
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and S2 are equal, such that xα satisfies the following equation
(∗)


nilei =
∑
α
αixα
lg′ =
k∑
i=1
g′ilei −
∑
α
[
k∑
i=1
g′iαi
ni
]
xα = 5
lg =
k∑
i=1
gilei −
∑
α
[
k∑
i=1
giαi
ni
]
xα = 3, g ∈ S1
lg =
k∑
i=1
gilei −
∑
α
[
k∑
i=1
giαi
ni
]
xα = 2, g ∈ S2
Proof. It comes from Lemma 3.4 directly.

By the above lemma, finding 3-folds whose canonical map are abelian
covers over P3 is equivalent to finding the integral roots {xα} of the
above equations.
Theorem 3.6. Let X be a Gorenstein minimal complex projective 3-
fold of general type with locally factorial terminal singularities and ϕ :
X −→ P3 is an abelian cover. If ϕ = φX then the canonical degree can
only be 2m, 1 6 m 6 5.
Proof. By Lemma 3.5, we only need to find the integral solutions of
the equations (*). So the only possible degrees are 2, 4, 8, 16 and 32 by
using computer calculations. Moreover, we have the defining equations
of the examples of all the degrees as follows.
Degree 2:
z2 = f ;
Degree 4: {
z2
1
= s
z2
2
= q;
Degree 8:


z2
1
= t1q
z2
2
= t2q
z2
3
= t3q;
Degree 16: 

z2
1
= h1h4t1t2
z2
2
= h2h4t2t3
z2
3
= h3h4t1t3
z2
4
= h2h3t3;
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Degree 32: 

z2
1
= h1h2h3h10
z2
2
= h4h5h6h10
z2
3
= h2h3h6h7
z2
4
= h1h3h5h8
z2
5
= h7h8h9h10;
where the degree of h’s is 1, t’s is 2, q’s is 4, s’s is 6, f ’s is 10 and they
all define nonsingular surfaces in P3 and intersect normal crossingly.
We want to show these 3-folds are smooth after normalization. Since
the arguments are similar, we only prove the most complicated case
with canonical degree 32.
Actually, we only need to consider the intersections of the branch
locus locally. Let ℓij’s be the intersection lines of hi and hj . Around
the general point of ℓij (except the intersection of three planes), the
cover is locally defined by
z2
1
= xa11ya12 , z2
2
= xa21ya22 , z2
3
= xa31ya32, z2
4
= xa41ya42 ,
where aij = 0 or 1 for all i, j.
It is easy to check that {(ai1, ai2)} " {(1, 1), (0, 0)} i.e., at least one
pair {(ai1, ai2)} = {(1, 0)} or {(0, 1)}. Without lose of generality, we
can assume (a11, a21) = (1, 0), i.e. z
2
1
= x. After normalization, the
cover is branched along the smooth surfaces. So the 3-fold is smooth
at the preimages of the general points of ℓij’s under the normalization
map.
Let pijk be the intersection point of hi, hj and hk. The arguments
are similar. Let us take p123 for example. The cover is locally defined
by
z2
1
= xyw, z2
3
= yw, z2
4
= w.
After normalization, the cover is locally defined by
z2
1
= x, z2
3
= y, z2
4
= w.
So the 3-folds are smooth.
It is easy to see that these 3-folds are all nonsingular with pg(X) = 4,
q(X) = h2,0 = 0, χ(OX) = −3, KX = ϕ∗(OP3(1)) and K3X equals each
degree of the covers. 
Remark 3.7. By Lemma 3.5, we have the integral solution of the
equations (*) for degree 6 and 18. But the isolated singularities of
corresponding 3-fold are not Gorenstein terminal since they are not
cDV ([Rei2]).
CANONICAL DEGREES OF GORENSTEIN THREEFOLDS 9
Acknowledgements
Both authors would like to thank N. Mok for supporting their re-
searches when they were in the University of Hong Kong and the ref-
erees for the useful comments.
References
[Bea] Beauville, A.: L’application canonique pour les surfaces de type ge´ne´ral,
Invention Math. 55, 121-140(1979).
[Cai] Cai, J.: Degree of the canonical map of a Georenstein 3-fold of general type,
Proc. AMS, 136, (2008), No. 5, 1565-1574.
[Cas] Casnati, G.: Covers of algebraic varieties. II. Covers of degree 5 and con-
struction of surfaces., J. Algebraic Geom. 5 (1996), no. 3, 461-477.
[Cat1] Catanese, F.: Babbage’s conjecture, contact of surfaces, symmetric deter-
minatal varieties and applications, Invent. Math. 63 (1981), 433-465.
[Cat2] Catanese, F.: On the moduli spaces of surfaces of general type, J. Differen-
tial Geom., 19 (1984), 483-515.
[Ch] Chen, M.: Weak Boundedness Theorems for Canonically Fibered Goren-
stein Minimal 3-Folds, Proc. Amer. Math. Soc., 133 (2005), No. 5, 1291-
1298.
[C-H] Chen, M.; Hacon, C.: On the geography of Gorenstein minimal 3-folds of
general type, Asian J. Math. 10 (2006), No.4, 757-764.
[Com] Comessatti, A.: Sulle superfici multiple cicliche, Rend. Sem. Mat. Univ.
Padova, 1 (1930), 1-45.
[D-G] Du, R.; Gao, Y.: Canonical maps of surfaces defined by abelian covers,
Asian J. Math. 18 (2014), No. 1, 219-228.
[Gao] Gao, Y.: A note on finite abelian cover, Science in China, Series A: Math-
ematics 54 (2011), 1333-1342.
[Ha] Hacon, C.: On the degree of the canonical maps of 3-folds, Proc. Japan
Acad. 80 Ser. A (2004) 166-167.
[Mi] Miyaoka, Y.:The Chern classes and Kodaira dimension of a minimal va-
riety, Algebraic geometry, Sendai, 1985, 449-476, Adv. Stud. Pure Math.,
10, North-Holland, Amsterdam, 1987.
[Par1] Pardini, R.: Canonical images of surfaces, J. reine angew. Math.
417(1991), 215-219.
[Par2] Pardini, R.: Abelian covers of algebraic varieties, J. Reine Angew. Math.
417(1991), 191-213.
[Per] Persson, U.: Double coverings and surfaces of general type., In: Ol-
son,L.D.(ed.) Algebraic geometry.(Lect. Notes Math., vol.732, pp.168-175)
Berlin Heidelberg New York: Springer 1978.
[Rei] Reid, M.: Surfaces with pg = 0,K
2 = 2. Preprint available at
http://www.warwick.ac.uk/∼masda/surf/.
[Rei2] Reid, M., Minimal models of canonical 3-folds, Algebraic varieties and an-
alytic varieties (Tokyo, 1981), 131C180, Adv. Stud. Pure Math., vol. 1,
North-Holland, Amsterdam, 1983.
[Rit] Rito, C.: New canonical triple covers of surfaces. Proc. AMS, Vol. 143, No.
11 (2015), 4647-4653.
10 RONG DU AND YUN GAO
[Rit2] Rito, C.: A surface with q = 2 and canonical map of degree 16,
arXiv:1506.05987.
[Rit3] Rito, C.: A surface with canonical map of degree 24, arXiv:1509.04132.
[Tan] Tan, S.-L.: Surfaces whose canonical maps are of odd degrees. Math. Ann.
292 (1992), no. 1, 13-29.
[V-Z] van Der Geer, G., Zagier, D: The Hilbert modular group for the field Q[
√
13],
Invent. Math. 42 (1977), 93-134.
[Xiao] Xiao, G.: Algebraic surfaces with high canonical degree, Math. Ann.
274(1986), 473-483.
[Yeung] Yeung, S.-L.: A surface of maximal canonical degree arXiv:1510.06622
Department of Mathematics, Shanghai Key Laboratory of PMMP,
East China Normal University, Rm. 312, Math. Bldg, No. 500, Dongchuan
Road, Shanghai, 200241, P. R. China
E-mail address : rdu@math.ecnu.edu.cn
Department of Mathematics, Shanghai Jiao Tong University, Shang-
hai 200240, P. R. of China
E-mail address : gaoyunmath@sjtu.edu.cn
